The existence of numerical solutions to a fourth order singular boundary value problem arising in the theory of epitaxial growth is studied. An iterative numerical method is applied on a second order nonlinear singular boundary value problem which is the exact result of the reduction of this fourth order singular boundary value problem. It turns out that the existence or nonexistence of numerical solutions fully depends on the value of a parameter. We show that numerical solutions exist for small positive values of this parameter. For large positive values of the parameter, we find nonexistence of solutions. We also observe existence of solutions for negative values of the parameter and determine the range of parameter values which separates existence and nonexistence of solutions. This parameter has a clear physical meaning as it describes the rate at which new material is deposited onto the system. This fact allows us to interpret the physical significance of our results.
Introduction
Along the years, a revolution of semiconductor device design has been spawned by the invention of superlattices and similar structures. These structures led to an improvement in the performances of many electronic instruments like lasers, diodes and bipolar transistors. Such advanced structures can be produced by means of epitaxial growth techniques. Epitaxial growth techniques that produce thin films under high vacuum conditions ( [3] ) have largely superseded older technologies in the semiconductor industry. Due to this success of epitaxial growth techniques, several mathematical models have been introduced in order to understand them better. In general terms, one could say that these models belong to one of two different classes: they are either discrete probabilistic models, such as cellular automata, or differential equations ( [3] ). In this work we strictly focus on the second type of model, and in particular we restrict our attention to the differential equation described in ([4, 8, 9, 7] ). In these references the mathematical description of epitaxial growth is carried out by means of a function,
which describes the height of the growing interface in the spatial point x ∈ Ω ⊂ R 2 at time t ∈ R + . This function obeys the fourth order partial differential equation ( [4] )
where Γ(x, t) models the incoming mass entering the system through epitaxial deposition and λ measures the intensity of this flux. Roughly speaking, the thin film grows by the introduction of new mass into the system (modeled by λΓ(x, t)) and its structure is characterized by means of its height σ(x, t). A basic modeling assumption is that this structure is dominated by processes taking place at the surface of the thin film which are coarse-grained modeled by the biharmonic operator and the nonlinearity. For simplicity we will focus on the stationary counterpart of this partial differential equation:
where we have assumed that Γ(x, t) ≡ G(x) is a stationary flux, and we set this problem on the unit disk again for simplicity. As previously we will consider two types of boundary conditions, namely homogeneous Dirichlet and homogeneous Navier boundary conditions ( [8] ). By using the transformation r = |x| and σ(x) = φ(|x|) the above partial differential equation (3) is converted into a fourth order ordinary differential equation which reads
where = d dr .
The Dirichlet boundary conditions that correspond to (4) are φ (0) = 0, φ(1) = 0, φ (1) = 0, lim r→0 rφ (r) = 0,
the Navier boundary conditions of type one are φ (0) = 0, φ(1) = 0, φ (1) + φ (1) = 0, lim r→0 rφ (r) = 0,
and the Navier boundary conditions of type two are
The condition φ (0) = 0 imposes the existence of an extremum at the origin. The conditions φ(1) = 0 and φ (1) = 0 are the actual boundary conditions. For simplicity we take G(r) = 1, which physically means that the new material is being deposited uniformly on the unit disc. Using lim r→0 rφ (r) = 0 and integrating by parts, equation (4) gives
Using the second transformation w = rφ , from equation (8) we get
Corresponding to homogeneous Dirichlet boundary condition is w (0) = 0 and w(1) = 0,
homogeneous Navier boundary condition of type one is w (0) = 0 and w (1) = 0,
and homogeneous Navier boundary condition of type two is w (0) = 0 and w(1) = w (1).
Equation (9) was numerically integrated by means of the use of a fourth order Runge-Kutta method in [7] . Now, we understand the solution of equation (9) belonging to the space C 2 [0, 1]. Equation (9) is a nonlinear, non self-adjoint and singular differential equation. Further more it has multiple solutions. Therefore discrete methods such as finite element method etc may not be applicable to pick all solutions together. These facts highlight the difficulties to deal with such an equation both analytically and numerically. Some recent theoretical progress has been built nevertheless regarding this type of boundary value problems as well some generalizations [2, 5, 6, 10, 12, 11] . The reader may appreciate in these references the wide range of mathematical techniques needed to analyze this sort of differential equations.
The aim of the present work is to find the numerically approximated solutions of the fourth order differential equation (4) with G(r) ≡ 1. To get the solutions of (4) we first compute the solutions of differential equation (9) using an iterative numerical scheme and compare our results to the ones in [7] . This numerical method became popularized in recent years under the name of variational iteration method (VIM) but it is in fact a reformulation of classical schemes (see [1, 21, 14, 15, 16, 19, 17, 22, 25, 18] The remainder of the paper has been organized as follows. In section 2, we describe the numerical method, show that it is well suited to approach the present boundary value problems, and illustrate how it works by solving explicitly a linearization of our nonlinear differential equation. In section 3, we use this method to solve numerically the non self-adjoint nonlinear singular boundary value problems under study and show a wide range of numerical results. In section 4 and 5, we place the numerical data. Finally, in section 6 we draw our main conclusions.
The numerical method
In order to explain the phenomenology of this method we consider a general non-linear differential equation of the form
where L is the linear operator, N is the nonlinear operator and f (r) is a known function. We can construct the correction functional to our iterative scheme applied to equation (13) as follows:
where µ(t) is the Lagrange multiplier andwn is of restricted variation i.e., δwn = 0 ( [23] ). The Lagrange multiplier µ(t) can be identified optimally via the variational principle ( [13] ) and integration by parts. After getting the value of µ(t), we arrive at a recurrence relation defined by equation (14) . We take a suitable initial approximation w0(r) in such a way such that this integral in equation (14) is convergent and hence we can compute w1(r), w2(r), · · · . The exact solution w(r) of equation (13) can be found as
Before we solve equation (9) using (14) we shall discuss the properties of this method for the nonlinear singular boundary value problems associated to (9) . From equation (14) and equation (9) we get the correction functional as
To find the value of µ(t) we take variations on both sides of (16) such that δ tw n (t) + 1 2w 2 n (t) = 0. Eq (16) becomes
or equivalently,
By using integration by parts we get
The extremum condition imposed on wn+1 gives δwn+1 = 0 ([23]), and from (19) we arrive at the following stationary conditions 1 − µ (r)r 2 − 2rµ(r) = 0,
µ (t)t 2 + 4tµ (t) + 2µ(t) = 0.
By solving (20) (21) (22) , we get the optimal value of µ(t), given by
Hence the correction functional (16) becomes
Equation (24) gives rise to a sequence {wn(r)}. If this sequence {wn(r)} is convergent then its limit gives the exact solution of the nonlinear singular differential equation (9) . Now we shall prove that this sequence {wn(r)} is well defined. This fact is established by means of the following Lemma.
Lemma 2.1. Let wn(r), n = 0, 1, 2, · · · , satisfy the following properties:
• P1 : w n (0) = 0,
Then wn(r) r 2 and w n (r) r are bounded on [0, 1] for all n ∈ N0.
Proof. We have lim
. So we conclude that w0(r) r 2 is bounded on [0, 1]. By a similar argument, since P1, P2, and P3 hold true for all n ∈ N, wn(r) r 2 is bounded on [0, 1] for all n ∈ N. The boundedness of w n (r) r follows from the same argument.
Lemma 2.2. Let w0(r) be the initial approximation of (24) such that
Let wn(r), n = 1, 2, · · · , be defined by (24) . Then wn(r), n = 1, 2, · · · , satisfies the following properties:
Proof. We proof the statement by induction. For n = 0 properties P1, P2, and P3 are true. Now we prove that P1, P2, and P3 are true for n = 1. From equation (24) by setting n = 0 we get
By differentiating both sides of equation (26) with respect to r we get
Using (25) we can easily get that
and
By setting r = 0 in equation (28) we get w 1 (0) = w 0 (0) = 0 via the application of Lemma 2.1. Using equation (25) and Lemma 2.1 it can be easily concluded that the integrand in the integral of (26) is bounded on [0, 1]. Taking lim r→0 + on both sides of equation (26), we get lim
Now from equation (29), we get
A simple application of (25) and Lemma 2.1 on the second term of the right hand side of equation (30) reveals that it is bounded on [0, 1]. Thus w 1 (r) is bounded on [0, 1]. Moreover w 1 (r) is continuous with the obvious definition of w 1 (0), as can be immediately checked from equation (29) and an argument akin to the one in the proof of Lemma 2.1. Therefore P1, P2, and P3 hold for n = 1.
Let us now assume that P1, P2, and P3 hold for an arbitrary n, that is w n (0) = 0, lim r→0 + wn(r) = 0 and w n (r)
is bounded and continuous on [0, 1]. Now we will show that P1, P2, and P3 hold for n + 1 too. From equation (24) we get
Differentiating both sides with respect to r, we get
By setting r = 0 in equation (33) we get w n+1 (0) = w n (0) = 0 by Lemma 2. 
A simple application of (31) and Lemma 2.1 on the second term of the right hand side of equation (35) shows that it is bounded on [0, 1]. Thus w n+1 (r) is bounded on [0, 1] as well. Furthermore w n (r) is continuous with the evident definition of w n (0), as can be seen from equation (34) and an analogous argument to that in the proof of Lemma 2.1. Thus P1, P2, and P3 hold true for n + 1.
By mathematical induction we conclude that P1, P2, and P3 hold true for all n ∈ N.
Lemmata 2.1 and 2.2 show that the iterations in our numerical method lead to a well-defined procedure; now we will illustrate how the method works with a particular example. If λ = 0 then w(r) ≡ 0 is obviously a solution. And if |λ| is very small then the nonlinearity in equation (9) is O(λ 2 ) and therefore negligible. In this limit the equation to be solved is
This is a linear differential equation of Euler type and therefore explicitly solvable, but instead using standard techniques we will proceed to solve it using our numerical method. A homogeneity argument suggests using an arbitrary fourth degree polynomial as initial condition for the iterations, that is
where a4, a3, a2, a1, a0 ∈ R. The first iteration shows that the only way to maintain this procedure finite is to set a1 = 0, so we will do so from now on. Now it is easy to compute the n th iteration to find
Also, it is immediate to check that the limit Finally, for the Dirichlet problem w(1) = 0 and we find
for the Navier problem of type one w (1) = 0 and we get
and for the Navier problem of type two w(1) = w (1) and we get
These results together with the common boundary condition φ(1) = 0 yield the linear approximations
to the solutions of equation (4) with G(r) ≡ 1, i. e. solutions to the linear equation
for the respective sets of boundary conditions. These linear approximations are represented in Figure 2 .1. A qualitative agreement can be appreciated between the linear approximations and the actual solutions to the nonlinear problems numerically computed in the next section. Of course, multiplicity of solutions is not found in the linear regime, this phenomenon only appears when the full nonlinear problem is considered, see section 3. In this respect, these linear approximations approximate the solutions of the nonlinear problem that lie in vicinity of the origin, the so called lower solutions in the next section. One can appreciate the common geometric features shared by nonlinear lower solutions and linear approximations. Another phenomenon that does not appear at the linear approximation level is non-existence of solutions: this takes place for values of λ that lie beyond the range of validity of this approximation. Both phenomena of multiplicity and non-existence of solutions to the nonlinear boundary value problems are discussed in detail in the following section.
All of these considerations show how our numerical method works, and we will now use it to numerically solve the nonlinear problems under study in the next section. figure (d) ), and for Navier boundary conditions of type two with λ = 1/2 (figure (e)) and λ = 1 (figure (f)), as explained in the text. Of course, only the solution in the vicinity of the origin is approximated.
Numerical illustrations
In this section we will discuss about the solvability of differential equation (4) associated to either homogeneous Dirichlet boundary conditions or homogeneous Navier boundary conditions of both types. For this purpose we first apply our iterative numerical scheme on equation (9) and after that using the transformation w(r) = rφ (r) and the left boundary conditions we get the solution of (4). In [8] , they arrive at two cases: Case (a): λ ≥ 0. They observe that for λ = 0 there are two solutions. One is trivial and the other is non trivial. For 0 < λ < λ critical they always get two non-trivial solutions. Since the solutions are ordered, they call them respectively the upper and lower solution. The critical value of λ, i.e. λ critical , is approximated to be 11.34 and 169 corresponding to Navier boundary condition of type two and Dirichlet boundary condition ( [8] ) respectively. For λ > λ critical there does not exist any numerical solutions. No conclusion is given for Navier boundary condition of type one. Case (b): λ < 0. No conclusion is given for both types of boundary conditions.
Navier boundary condition of type one
Here we consider equation (9) subject to w (0) = 0 and w (1) = 0.
Let w0(r) = ar 2 , a ∈ R, be an initial approximation. This choice satisfies all the assumptions of Lemma 2.2. By setting n = 0 in equation (24) we get 
and so on. By using Mathematica we have computed wn for n = 3, 4, 5, 6, 7, but due to lack of space we could not list all of them. To calculate φ(r), here we take w(r) = w7(r) as an approximate solution of (9). So, we found w(r) is a function of r including a as a constant and λ as a parameter. By using the boundary condition w (1) = 0 we have computed the values of a corresponding to each λ. Now from transformation w(r) = rφ (r) and boundary condition φ(1) = 0 we have computed the solution φ(r) corresponding to different values of λ. We arrive at two cases depending on λ. Case (c): λ ≥ 0. Here, We observe the same remarks as in Case (a). The critical value of λ, i.e. λ critical , is approximately 31.94.
For λ > λ critical numerical solutions do not exist as the values of a become imaginary. In table 1 and table 2 we tabulate residual errors. We have also plotted the graphs of φ(r). We see that the solutions are moving towards each other as λ is increased [see Figure 5 .1]. Case (d): λ < 0. We observe that we always get two numerical solutions corresponding to each negative λ. One solution is positive (namely the positive solution) and the other solution is negative (namely the negative solution). There is no negative critical λ. We list residue errors in tables 3 and 4. We see that the solutions are aparting from each other as λ is decreased [see Figure 5 .2].
Navier boundary condition of type two
In this subsection, we consider :
corresponding to equation (9).
Here we also have the same iterations as in (39) and (40). To calculate φ(r), here we take w(r) = w7(r) as an approximate solution of (9). By using the boundary condition w(1) = w (1), w(r) = rφ (r) and boundary condition φ(1) = 0, we have computed the solution φ(r) corresponding to different values of λ. We arrive at two cases depending on λ. Case (e): λ ≥ 0. Same remarks are made as in Case (c) to the subsection 3.1. The critical value of λ, i.e. λ critical , is approximately 11.34 ([8] 
Dirichlet boundary condition
Furthermore. here we consider Dirichlet boundary conditions w (0) = 0 and w(1) = 0.
(42)
The iteration scheme is given by equation (24) .
Here we also consider w0(r) = ar 2 , a ∈ R, as an initial approximation. Then we compute w1, w2, w3, w4, w5, w6. We take w6(r) as approximate solution. To calculate the values of a we use the boundary condition w(1) = 0. Then using the transformation w(r) = rφ and φ(1) = 0 we easily get the approximate solution φ(r). Here we also arrive at two different cases depending on the value of parameter λ. Case (g): λ ≥ 0. Here we have also noticed analogous remarks as in subsection 3.1. The critical value of λ, i.e. λ critical , is approximately 169 ( [8] ). The properties of the solutions are presented in table 9 to table 10 . We have displayed few graphs [ Figure 5 .5] corresponding to some positive values of λ. Case (h): λ < 0. Again, we observe same remarks as in subsection 3.1. In table 11, table 12 and figure 5.6 we list all the numerical data of approximate solutions.
Tables
Here, we have listed bellow some numerical data of approximate solutions corresponding to section 3. 
Navier boundary condition of type one

Navier boundary condition of type two
Dirichlet boundary condition
Figures
Here we have placed below approximate solutions graph corresponding to different types of boundary condition. 
Dirichlet boundary condition
Conclusions
In this paper, we have applied an iterative numerical method to nonlinear singular boundary value problems that arise in the theory of epitaxial growth. The proposed technique gives us approximate numerical solutions that are very close to exact solutions of the given differential equation. We have shown that for negative values of the forcing parameter λ two solutions always coexist: they are ordered and one is negative and the other positive. For more negative values of this parameter the solutions separate. When the value of this parameter is set to zero then one of the solutions becomes trivial but there still exists a second, nontrivial and positive, solution.
For positive values of λ below some critical threshold, which we have numerically estimated, there exist two ordered solutions, both nontrivial and positive, which become closer as the value of λ increases. We conjecture that both solutions merge into a single solution (still nontrivial and positive) when λ is set to its critical value. No solutions were numerically detected for supercritical values of λ. The results for the three different sets of boundary conditions we have considered herein show a qualitative agreement, although they do not behave in the same quantitative way. Also note that the present results agree with and extend those in [7] , which were obtained by means of a fourth order Runge-Kutta method. We expect the present results to have an impact in the understanding of these theoretical models of epitaxial growth. As we have seen the properties of the solution set depend on the value of the parameter λ. This parameter has a clear physical meaning: it is the rate at which new material is deposited onto the epitaxially growing solid. The fact that we take G(r) ≡ 1 in equation (4) means that this rate is homogeneous. Our numerical analysis shows that two stationary solutions exists if λ is small enough. The lower solution, if the full time dependent model were considered, should be dynamically stable, while the upper solution should be unstable. This means that, if the deposition rate is small enough, one should observe, instead of the system growing, the formation of a stationary mound, at least for suitable initial conditions. The formation of this stationary mound, which may look like a counterintuitive phenomenon in the presence of a constant flux of mass, is possible due to the boundary conditions. We expect both the Navier conditions to be related to the presence of an open border in the system, that is, the deposited material that gets to the border leaves the system and never gets back into it. On the other hand, the Dirichlet conditions could be related to a system that is undergoing material drainage on the border, what could explain the quantitative differences among both sets of boundary conditions, such as the higher critical λ for the Dirichlet conditions. In any case, for a large enough λ no stationary solutions still exist, and this is due to the physical fact that the rate at which new material is entered into the system is simply too high and the system will be growing forever. In spite of the simplicity of our mathematical models, we still expect these predictions to be testable against suitable experiments. Indeed, the existence theory can be related to physical phenomena and therefore the validity of the models could be established, at least at a qualitative level.
